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N o n - s t e a d y - s t a t e  convect ive  diffusion in a thin sphe r i ca l  l a y e r  i s  cons ide red .  

This study will  cons ider  nonsteady convect ive  diffusion i n a  thin sphe r i ca l  l aye r ,  produced by a t i m e - v a r y -  
ing g rav i t a t iona l  f ield or  v a r i a b l e  l i n e a r  a cce l e r a t i on .  The sphe r i ca l  l a y e r  is  fo rmed  by a sphere  of r ad iu s  
R1, loca ted  within a sphe re  of r ad ius  R 2 ~ R 1. The space between the s p h e r e s  is  f i l led with an e l e c t r o ly t e .  
The outer  su r face  of the inner  sphe re  and inner su r face  of the outer  sphere  ac t  a s  anode and cathode in an 
o x i d a t i o n - r e d u c t i o n r e a e t i o n .  We will  a s s u m e  that  the chemica l  r e a c t i o n  r a t e  a t t h e  e l e c t r o d e s  is  s ignif icant ly  higher  
than the r a t e  at which m a t e r i a l  a r r i v e s  at the e l e c t r o d e s .  In th is  case ,  as the chemica l  r eac t i on  occur s  a con-  
cen t ra t ion  grad ien t  appea r s  in the sy s t em,  which l eads  to a solution densi ty  g rad ien t  [1]. As a r e s u l t ,  in an 
ex te rna l  g rav i t a t iona l  f ield or a c c e l e r a t i o n  f ie ld the l iquid equ i l ib r ium s ta te  becomes  unstable  and convect ive 
motion of the solution develops ,  which in turn  l eads  to a change in the r a t e  at which r eagen t s  r e a c h  the e l e c -  
t r o d e s .  In the l iquid at r e s t  the r e a c t i o n s  a r e  l imi t ed  by diffusion of the r e a ge n t  f rom anode to cathode, but 
if the l iquid is  set  in motion,  then convect ive t r a n s f e r  occur s  toge ther  with ionic diffusion, sha rp ly  inc reas ing  
the r eac t i on  r a t e  and l imi t ing  cu r r en t  in the c i r cu i t .  

This process can be described by a system of nonstationary convective diffusion equations, which in the 
Boussinesq approximation have the following form [2]: 

av 

Ot 
- -  + (v. V) v = --p-lVp + vAv A- 13cg, 

div v = O, 

ac 
- -  -~- v .vc  = DAc. 
cgt 

The s y s t e m  (1)-(3) mus t  be supplemented  by boundary condit ions:  

(1) 

(2) 

(3) 

(4) 
v [~,  = 0 ,  v ]R,  = 0 ,  

c IR, = 0 ,  C rR, = Co ( 5 )  

The concent ra t ion  c o in Eq. (5) is  spec i f ied  in p r e p a r a t i o n  of the "working" e l e c t r o l y t e  and can va ry  over  wide 
l i m i t s .  

As is well  known [2], when rot(cg)  ~ 0, convection occur s  at any Grashof  number  ~ ,  no m a t t e r  how sma l l .  
In this  case ,  a solution of Eqs.  (1)-(5) can be sought in the form of a s e r i e s  in the sma l l  p a r a m e t e r  ~: 

v = ~ v i  -t- ~2v2 § ~3va § �9 �9 �9 , (6) 

c = c o § )~ci § ~2c2 § �9 . .  ( 7 )  

It should be noted that the method of expansion in a sma l l  p a r a m e t e r  is obviously inappl icable  if  rot(cg) = 0, 
s ince in th is  case  the s y s t e m  has a th resho ld  s tab i l i ty  ?tcr, with convect ion beginning only at h > kcr  [2]. 

The equation for the zero th  approx imat ion  to the concent ra t ion  c o c o r r e s p o n d s  to diffusion in the l iquid 
at r e s t .  Since in view of the sphe r i ca l  s y m m e t r y  c o depends so le ly  on the modulus of r ,  the solution of Eqs.  
(3), (5) has  the fo rm 

c ~  1 - -  . (8) 
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In the p r e sen t  s tudy we will  l imi t  o u r s e l v e s  to de t e rmin ing  the l inea r  r e s p o n s e  of  the s y s t e m  to an 
ex te rna l  pe r tu rba t ion ,  which we will  spec i fy  in the f o r m  g(t) = gexp(iw t). In i t ia l ly ,  we will  find the h y d r o -  
dynamic  l iquid ve loc i ty  field p roduced  by this  pe r tu rba t ion .  

Hydrodynamic  P r o b l e m .  At low f r equenc ie s ,  whe re  w(R e - R 1 )  2 << V, the f r equency  dependence  of  the 
c u r r e n t  is d e t e r m i n e d  by the p a r a m e t e r  0~(R e - R1)2D -1, SO that  in the N a v i e r - S t o k e s  equat ion we m a y  confine 
o u r s e l v e s  to the l inea r  approx ima t ion .  Applying the ope ra t ion  ro t  to Eq.  (1) and co l l ec t ing  t e r m s  l inea r  in ~, 
we obtain the equat ion of  the l i nea r  approx ima t ion  for  solut ion ve loc i ty  

v rot Av = - -  rot (~cg). 

We will seek  a solut ion of  Eq.  (9) in the f o r m  

v = rot rot (/g), 

( 9 )  

(10) 

where  f is a s c a l a r  function of  the modu lus  r .  

Substi tut ing Eq. (10) in (9) and in tegra t ing ,  we obtain 

r 2 I n  r 5 cir c2r z c3 d_f_f = V - -  - -  ~,r 2 -  , -~ + c~, (11) 
dt 6 36 6 6 r 

where  the fol lowing notat ion is in t roduced:  

"~-- _~c09_ i Op R~Ri 
Oc R2-- Ri 

Substi tut ing Eq. (11) in Eq. (10) and defining the in tegra t ion  cons tan t s  f r o m  boundary  condi t ions  (4), we 
obtain for the solut ion ve loc i ty  v the e x p r e s s i o n  

�9 _ _  r -  t -  

; 2 + t 3 

+2x21nx - (x+l)(x3--_~7 1) +( x(x3-3 1) x~(x+21)lnx)+]+ 
# 

+ n ( g .  
, x - - U "  L 6 . __ 2 / 

(12) 

Here  we in t roduce  the d i m e n s i o n l e s s  p a r a m e t e r  x = R2/R1 and make  the r e p l a c e m e n t  r -* r / l ~ .  In the l i nea r  
approx ima t ion  in g, Eq.  (12) d e s c r i b e s  na tu ra l  convec t ion  of  the l iquid in the  sphe r i ca l  l a y e r .  

Convec t ive  Diffusion C u r r e n t .  The equat ion of  the l i nea r  app rox ima t ion  for  concen t r a t i on  of  the r e a g e n t  
has  the f o r m  

i 0 )  
Aci - -  ~ ct = D -~ (v. VC~ (13) 

The s c a l a r  p roduc t  v .Vc  ~ will  be wr i t t en  in the f o r m  ~p(r) cos  0, w h e r e  cos  0 = g - l ( n  �9 g), and in a c c o r d a n c e  with 
Eqs .  (12), (8) q~(r) is defined by 

q~(r)= (x--l)3 tnr +-~ --+ b 3  r _~+__~__+_e r - ~ '  (14) 

where  

a-- xZ(x--3)lnx._ _ (x-- l)(xZ+ 1) . 
3 3 

b = 2x21nx - ( x +  1)(x3-- 1) . 
3 

2x (x 3 - -  1) 
c x ~ (x + 1) In x; 

3 
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d =  2-~--x31nx x2(x 2 -  1) 
3 3 

We s e e k  a so Iu t ion  of  Eq.  (13) in the  f o r m  

F o r  p(r)  we ob ta in  the  fo l lowing  equa t ion :  

ci (r) = p (r) cos 0. 

d2p + 2 dp 2p ir (15) p = D-~cp (r). 
dr z r dr r z D 

Below we wi l l  c o n s i d e r  a th in  s p h e r i c a l  l a y e r  in which  R 2 - R 1 << tt t .  In t h i s  c a s e  the  f i r s t  t e r m  on the  le f t  s ide  
of  Eq.  (15) i s  s i g n i f i c a n t l y  l a r g e r  than  the  two fo l lowing  o n e s .  N e g l e c t i n g  the l a t t e r  t e r m s ,  we r e w r i t e  Eq. (15), 

# p  io 
- -  p = D-19(r). (15) 

dr ~ D 

The g e n e r a l  so lu t i on  of  Eq.  (16) has  the  f o r m  

p (r) = ct exp (ur) + c2 exp (--•  

R~ Rx 

(17) 

w h e r e  

(is) 

The i n t e g r a t i o n  c o n s t a n t s  c 1 and e 2 in  Eq.  (17) a r e  de f ined  f r o m  the  b o u n d a r y  cond i t i ons  of  Eq.  (5). 

The change  in e l e c t r i c a l  c u r r e n t  AI p r o d u c e d  by  a c t i o n  of  t he  e x t e r n a l  a c c e l e r a t i o n  g i s  d e t e r m i n e d  by 
the  fo l lowing  e x p r e s s i o n :  

AI = - - D  S (vcin) dS. (19) 

S ince  c I ~ c o s  0, the  r e s u l t  of  i n t e g r a t i n g  o v e r  the  e n t i r e  s p h e r e  s u r f a c e  i s  equa l  to z e r o .  Th i s  m e a n s  tha t  the  
d i f fus ion  flow f lowing  f r o m  one o f  t he  h e m i s p h e r e s  of an e l e c t r o d e ,  d iv ided  by a p l ane  the  n o r m a l  to which  
c o i n c i d e s  wi th  the  v e c t o r  g, i s  e x a c t l y  equa l  to  the  d i f fus ion  flow i n c i d e n t  on the  s econd  h e m i s p h e r e  of  the  
e l e c t r o d e .  To ob ta in  a n o n z e r o  r e s u l t  t h e s e  h e m i s p h e r e s  m u s t  be  s e p a r a t e d  by an i n s u l a t i n g  i n t e r l a y e r  [3]. 
I n t e g r a t i n g  o v e r  one h e m i s p h e r e ,  we o b t a i n  fo r  AI the  equa t ion  

A I -  2r~ gWoR~ Y (20) 
3 ( x - -  1) ~ exp [• Ri)] - -  exp [--u(R2--Rt)I  ' 

w h e r e  
x 

Y = .~ q~ (V) {exp i• (x - -  V)] - -  exp [• (y - -  x)]} dy. 
1 

We wi l l  now c o n s i d e r  s o m e  l i m i t i n g  c a s e s .  F i r s t  we l e t  co -* 0, and  f r o m  Eq.  (20) we ob ta in  an e x p r e s -  
s ion  fo r  the  l i n e a r  r e s p o n s e  to a s t a t i c  p e r t u r b a t i o n  

AI = 43  (21 )  
5 g'~coR~. 

At high f r e q u e n c i e s ,  w h e r e  x R  1 >> 1, the  e x p r e s s i o n  for  AI has  the  fo l lowing  f o r m  

AI = - ~ -  g'~coR~ D 3/ 2 ( R2 - -  RO-2o -3/ 2. (22) 

1255 



NOTATION 

R2, radius of outer sphere; P~, radius of inner sphere; v, velocity of solution; v, kinematic viscos- 
ity; g, acceleration; Co, ion concentration; D, diffusion coefficient; p, solution density; n, unit normal vector; 
13 = p - l O p / a c .  

1. 
2. 

3. 
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TEMPERATURE FIELD OF A PLATE WITH INTERNAL 

TEMPERATURE-DEPENDENT HEAT SOURCE 

N. I. Gamayunov and A. V. Klinger UDC 536.2:517.9 

The p rob lem of a s y m m e t r i c  heating of a plate  is  cons idered  in a medium with va r i ab le  t e m p e r a -  
ture  in the p re sence  of an internal  heat source ,  the power of which is dependent on t e m p e r a t u r e  
and t ime.  

In many  engineer ing p rob l ems  r e l a t ed  to calculat ion of h e a t - t r a n s f e r  p r o c e s s e s ,  it becomes  n e c e s s a r y  
to analyze the effect  on the t e m p e r a t u r e  field of the body under study of internal  heat sources ,  usual ly those 
produced by exothermal  chemical  r eac t ions .  In calculat ions the power of such heat sources  is usual ly  taken 
as constant,  or its dependence on t ime  and coordinate  is specif ied in the fo rm of cer ta in  known functions which 
make poss ib le  use of exist ing solutions of the t he rma l  conductivity equation for  calculat ion of the t e m p e r a t u r e  
field [1]. However ,  in the ma jo r i ty  of r e a l  p r o c e s s e s ,  the in ternal  beat  source  power is significantly dependent 
on t e m p e r a t u r e .  Thus,  in hardening of a number  of s t ruc tu ra l  m a t e r i a l s ,  hydrat ion of va r ious  cement  sub-  
s tances  takes  place,  accompanied  by heat  l ibera t ion .  With i nc r ea se  in t e m p e r a t u r e  the intensi ty of the hydrat ion 
reac t ion  i n c r e a s e s ,  so that heat l ibera t ion also i n c r e a s e s .  With the pas sage  of t ime  the initial r eagen t  concen-  
t r a t ions  dec rea se ,  leading to a slowage of the reac t ion  and heat  l ibera t ion .  A detailed analys is  of heat l i b e r a -  
tion in hardening concre te  was p e r f o r m e d  in [2]. The analys is  r e v e a l s  that  the t e m p e r a t u r e - t i m e  dependence 
of the quantity of heat  Qe, l ibe ra ted  upon hardening 1 kg of cement ,  can be wri t ten in the fo rm Qe = f*(~)t. The 
power of the internal  heat source  is p ropor t iona l  to the der iva t ive  

OO e _ Of* (,~) t + p (~) O--L 
0"~ O~ Of 

With considerat ion of this fact ,  the d i f ferent ia l  equation for heat  t r a n s f e r  for the plate has the fo rm 

at a~t Jr of(Y) t, (1) 
[1 - -  f (~)1 a~ = a ax---- ~ - a ~  

where [(z) =M___if, (~) ; M is  the quantity of cement  in 1 m 3 of the concre te  mix ture .  In [2] solutions of Eq. (1) 
c7 

were  obtained for a number  of special  cases .  Below a m o r e  general  solution will be a t tempted.  

Locat ing the or igin of the coordinate  s y s t e m  at the center  of the plate,  we wri te  the initial boundary con-  
ditions of the p rob lem in the fo rm 

t (x ,  o) = to, (2) 

[( 1)~; ~ Ot cz~t]l = ~zdm,(z), 
+ jl~=x~ (3) 
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